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A B S T R A C T   

Accurate future prediction of wave fields can be used to optimize the performance of wave energy converters as 
well as various offshore operations. A highly efficient model using single, fixed-probe measurements for pre-
dicting unidirectional wave fields of up to second-order nonlinearity has been developed. The fundamental 
problem with the use of the Fast Fourier Transform (FFT) in forward prediction is the inherent assumption of 
periodicity of the finite-length record beyond its ends. The main aim here is to enhance the performance of the 
FFT algorithm during prediction of linear wave fields while retaining its computational efficiency. Given a finite- 
duration wave record up to the present time at a location upwave, it is observed that introducing a smooth 
transition of the record down to zero at both ends by adding half of a NewWave-type wave group improves the 
prediction at the point of interest dramatically compared to just using the raw record. These extensions can in 
turn serve as predictions for cases requiring future knowledge without the use of upwave measurements. These 
schemes are tested on their capability to predict synthetic wave fields at locations downwave and into the future. 
Comparisons are made by computing the numerical error within a theoretical predictable zone which is also 
estimated in this work. A second validation is done on weakly nonlinear sea states that include both sum and 
difference bound wave components calculated using exact second-order theory. A simulation method that 
initially linearizes the signal, then advances it in both space and time, and finally re-inserts estimated bound- 
harmonics based on a narrow-banded approximation proves to be very effective, yielding substantial improve-
ments compared to assuming the signal is completely linear. The narrow-banded linearization/re-insertion is a 
very fast time-domain operation, hence the additional computational cost is very little. The nonlinear model is 
validated using synthetic wave records for waves in intermediate-depth water.   

1. Introduction 

There are many applications of wave prediction in marine and ocean 
engineering that encompass safety and operability at sea during offshore 
operations. Wave prediction models can be classified into two cate-
gories, namely, phase-averaged and phase-resolved. Phase-averaged 
models are non-deterministic, well established and have existed for 
several decades (see e.g. Booij et al., 1999; Ris et al., 1999; Tolman, 
1991; WAMDI Group, 1988). These are statistical models concerned 
with prediction of the evolution of the wave spectrum of wind waves and 
they output spectra or statistics describing wave heights, periods and 
propagation directions. On the other hand, phase-resolved or deter-
ministic wave-by-wave prediction models are relatively young. These 
determine the actual ocean surface profile as a function of time for 

short-term predictions, say, a few tens of seconds into the future. The 
former prediction models are widely used by oceanographers to study 
sea conditions while the latter are important for operations that require 
precise knowledge of the sea surface elevation at a given time and 
location such as top-side installations, lifts by crane from supply vessels 
onto offshore platforms, helicopter landing/take-off on floating vessels, 
rescue operations, and the control of wave power machines, which is the 
main motivation of the present study. 

The conversion of wave energy has received serious attention as a 
potential source of renewable energy in recent years (see e.g. Brooke, 
2003). However, wave technology is currently in its early develop-
mental stage. Despite the abundance of the ocean resource, exploiting 
wave energy has remained a challenging task with the cost of production 
too high compared to other renewables such as solar and wind (Babarit, 
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2018). In order to implement an economically viable wave technology, 
it is crucial to integrate the working principle of a wave energy converter 
(WEC) with knowledge of the waves at its location before they arrive. 
The amount of power that can be produced by WECs is largely premised 
on the ability to control their oscillation in order to reach an optimum 
interaction with the incoming incident wave (Falnes, 2002). When 
optimally tuned (i.e. when the velocity of the oscillator is in phase with 
the dynamic pressure of the wave), there is a considerable transfer of 
energy from the wave to the oscillator (Budal and Falnes, 1975). It has 
already been shown that the control of WECs can increase the power 
output dramatically. An optimum control of a floating spherical heaving 
device was studied quantitatively under deep water conditions with a 
wave of 0.5 m amplitude and period of 9 s by Hals et al. (2002). 
Computed results indicated that the maximum power extractable was 
24, 137 and 172 kW for three respective control strategies; no control, 
sub-optimal latching control, and ideal optimal reactive control. Using a 
point absorber with a hydraulic/electric power take-off (PTO) system, 
Li et al. (2012) demonstrated that deterministic sea wave prediction 
(DSWP) coupled with constrained optimal control can greatly improve 
the efficiency of WECs while ensuring their safe operation. The above 
studies demonstrate the potential benefit of predicting wave elevations 
at the device location beforehand. 

Methods for increasing power output are non-causal (a system is said 
to be non-causal if its output depends upon future inputs), although wave 
propagation on its own is a causal process. According to Falnes (1995), 
the interaction between incoming waves and oscillating-body WECs, in 
particular, may be described using complex frequency response func-
tions and their equivalent time-domain impulse response functions, 
which are in general not causal. He further stated that the non-causality 
does not disappear even if the input wave elevation is from a point 
upwave of the body. Therefore, to have current knowledge of the exci-
tation force it is necessary to forecast the free surface at the body’s 
reference position. For a floating vertical cylinder, the location upwave 
at which the incident wave should be measured in order to predict the 
elevation at the reference position with reasonable accuracy is a func-
tion of the water depth and the radius of the cylinder. It turns out that 
the distance upwave is much larger than the radius. 

This paper reports on a robust DSWP model that runs in real-time, 
typically a fraction of a second, on a standard computer without 
resorting to large-scale computations. This model utilizes novel pre- 
processing of time-series free-surface elevation data obtained from a 
single point upwave and thus improves traditional methods that are 
based solely on the standard Fast Fourier Transform (FFT) algorithm. 
Our main contribution is the enhancement of the FFT algorithm in two 
ways. The first is solving the problem of end-mismatch in the signal 
which introduces leakage and was pointed out in the pioneering works 
in DSWP by Morris et al. (1998, 1992). A treatment of the end-mismatch 
involves extending the record using half of a NewWave variant (Tro-
mans et al., 1991), which is more efficient than the window extension 
iteration scheme presented by Abusedra and Belmont (2011), which 
uses iterative interpolations. For practical applications, it would be 
necessary to limit the number of iterations, but, as noted by Abusedra 
and Belmont (2011), it is not a simple matter to estimate the number of 
iterations required to obtain acceptable convergence for any given re-
cord. Here, no iterations are required and the necessary autocorrelation 
functions can be easily computed at close to zero cost. As well as miti-
gating the end-mismatch problem, the NewWave-type group extends the 
record a small time into the future. As a form derived from the auto-
correlation function for the random sea, it has similarities to a simple 
autoregressive (AR) model that could be used as an alternative. Similar 
to the AR models examined by Pena-Sanchez et al. (2018), the NewWave 
prediction model uses measurements at the WEC or at a point upwave. 
The second contribution is to extend the above technique to weakly 
nonlinear waves by taking into account the presence of second-order 
bound harmonics prior to prediction. To this end, efficient 
time-domain narrow-banded approximations for the sub- and 

super-harmonics are adopted. 
For more steep seas, nonlinearity becomes increasingly important, 

and the use of alternative methods may be necessary. A high-order 
spectral (HOS) method developed and validated using tank data was 
shown to be more accurate compared to a second-order model, espe-
cially for predictions far from the measurement point (Blondel et al., 
2010; Blondel-Couprie et al., 2013). However, any HOS scheme is 
computationally expensive for real-time adaptations. A second alterna-
tive for moderate steepness cases is the modified nonlinear Schrödinger 
(MNLS) equation. This was shown to give good prediction for large 
distances for both numerical and experimental bichromatic waves 
(Trulsen and Stansberg, 2001). Recently, Simanesew et al. (2017) 
applied the MNLS to irregular waves; they obtained good agreement for 
long-crested waves while the prediction horizon significantly dimin-
ished with directional spreading. Although the MNLS simulation is 
computationally efficient, being based on modulations of the envelope 
of a single carrier wave, it has limitations in both frequency bandwidth 
and directionality compared to HOS methods. 

In more recent work, a highly efficient numerical model for pre-
dicting very nonlinear waves in deep water was presented by Köllisch 
et al. (2018). This procedure involves an efficient reconstruction of 
initial conditions through an assimilation procedure based on 
Newton-Krylov subspace techniques (data assimilation is the most 
computationally expensive step in HOS methods). Results are reportedly 
achievable in real-time with a substantial increase in accuracy at 
manageable costs. Moreover, Law et al. (2020) suggested that it is 
possible to forecast unidirectional nonlinear wave fields based on the 
HOS using Artificial Neural Networks (ANN) in real-time with a pre-
diction error within 20% over large distances downwave. Plots pro-
duced for a prediction at 500 metres downwave show a better 
correlation when using ANN than a linear wave model. For practical 
purposes, our approach offers a simple and efficient way to predict 
weakly nonlinear waves. Accounting for low-order nonlinear effects has 
been shown to improve prediction results while maintaining a good 
balance with real-time computations (Desmars et al., 2020). A weakly 
nonlinear Improved Choppy Wave Model (ICWM) was compared to 
Linear Wave Theory (LWT) with and without a nonlinear-corrected 
dispersion relation. The ICWM gave better predictions than the LWT 
model using numerical wave measurements of an intermediate steep-
ness. However, the ICWM requires solving for Fourier coefficients 
through an inversion which requires large data sets. 

While all our downwave predictions are carried out numerically in 
the frequency domain, it is also possible to forecast wave fields analyt-
ically in the time domain, according to Korde (2015); Korde et al. 
(2020). This involves approximating a wave propagation 
impulse-response function which is then convolved with the sampled 
time series record. However, with this time-domain method, there is an 
observed time lag between predicted and measured wave elevations 
which was minimized by combining predictions based on five mea-
surement locations (Korde et al., 2020). 

This paper is structured as follows. Section 2 describes a probabilistic 
approach to estimate the expected (mean) shape of a wave beyond the 
end of a finite record. This can be used in itself as a prediction tool 
without the use of upwave measurements, but more importantly, it also 
offers a way of improving FFT-based forward prediction. Section 3 
provides an introduction to the linear wave prediction model used to 
propagate waves from upwave to downwave points, including discus-
sions of the limits of the predictable zone. This section then outlines the 
various proposed alternatives to treat the end-mismatch in order to 
improve prediction. Incorporation of treatment of Stokes second-order 
bound wave components in wave prediction models is discussed in 
Section 4. Section 5 summarizes the important results. 

2. Prediction at the same point: Linear case 

The ability to estimate the average shape in time of a large wave is 
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crucial to the design of offshore structures and to the safety of people 
and assets near the coastline from violent events such as overtopping 
during severe storms (Whittaker et al., 2016). Lindgren (1970) and 
Boccotti (1983) independently demonstrated that the average shape 
around a large maximum in a stationary Gaussian process tends to the 
autocorrelation function. Tromans et al. (1991) outlined the derivations 
of the most probable wave shape around extreme crest heights and 
termed it NewWave (a scaled autocorrelation function). They then 
applied this concept to predict extreme global loads on columns. The 
average shape of a big wave has been studied extensively by Jonathan 
and Taylor (1997); Santo et al. (2013); Taylor and Williams (2004); 
Walker et al. (2004); Whittaker et al. (2016). Taylor and Williams 
(2004) showed that the average shape around a large crest in a linear 
random process tends to the autocorrelation function when the ampli-
tude, a, is reasonably large, that is, a > 2σ, where σ is the standard de-
viation of the free surface record. 

Likewise, in the control of wave energy converters, the idea of pre-
dicting the future surface elevation using the expected shape derived 
only from past information is attractive. When the control strategy 
applied requires short-term forecasting of wave fields of, say, less than a 
peak period into the future, extrapolating the measured record could 
serve as an effective prediction tool. The prediction horizon will be 
relatively short, but the advantage is that it is simple with no upwave 
measurements required. 

2.1. Wave shapes around a stationary point 

A stationary point of a wave record is one where the slope (first time 
derivative) is zero. Stationary points can either be maxima, minima or 
points of inflection and these need not be crests and troughs defined as 
the absolute maxima and minima between consecutive zero crossings. 
Consider the ocean surface elevation as a normal process with a zero 
mean. Let the energy distribution be described by the power spectral 
density S(ω) from which the kth spectral moment can be calculated from 

mk =

∫ ∞

0
ωkS(ω)dω. (1)  

Lindgren’s expression for the mean shape around a stationary point is 
given as (Jonathan and Taylor, 1997) 
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where 

r(t) =
∫ ∞

0
S(ω)cos(ωt)dω (3)  

is the autocorrelation function for the process (the inverse Fourier 
transform of the spectrum) and r̈(t) is its second time derivative. Here, 
the constant γs is the measure of narrow-bandedness for the surface 
elevation η0 at the conditioning point (t = 0), which is given by the 
spectral moments as 

γs = η0
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, (4)  

and Φ(γs) is the cumulative distribution function (CDF) for a standard 
normal random variable, i.e., the integral of the normal probability 
density function from − ∞ to γs. Expression  (2) will be termed “Lindgren 
A”, simply because it can be written as η0A(t). 

It is unsurprising that as the height of the surface elevation η0 is 
increased, the second term of the bracketed Lindgren expression (2) 
rapidly approaches zero and the whole expression converges to 

Li(t) = η0r(t)/m0 (5)  

which is the autocorrelation function scaled by η0/m0. The NewWave 
result (Tromans et al., 1991) is thus an asymptotic form of Eq.  (2). 

In the rest of the paper, unless otherwise stated, linear random re-
cords are generated from a JONSWAP spectrum with peak-enhancement 
factor γ = 3.3, significant wave height Hs = 3 m, peak wave period Tp =

12 s, water depth d = 200 m and sampling time resolution dt = 0.1 s. 
We note in passing that our results are virtually unaffected by the choice 
of sampling resolution for dt = 0.1, 0.2 and 0.4 s but that the prediction 
error increases significantly for a coarse resolution of dt = 1s. The tail of 
the spectrum is truncated at 3ωp, where ωp = 2π/Tp is the peak angular 
frequency. All wave records used in the predictions reported herein are 
computer-generated using the “random amplitudes” method suggested 
by Tucker et al. (1984). 

Fig. 1 compares the two theoretical shapes (given by Eqs.  (2) and 
(5)) and the average shape around a maximum sampled from a long 
linear random record of 5.0 × 105 seconds (containing roughly 40,000 
waves), for different η0. Each average profile is obtained by extracting 
short time series records covering ±1Tp around each elevation point η0 
that lies within a selected vertical bin width of σ/10, and shifting the 
time axis so that the selected point occurs at a relative time of 0 and then 
averaging across all the short records satisfying the selection criterion. It 
is evident that the NewWave is less accurate for waves obeying the 
inequality |η0/σ| ≤ 2 as per Taylor and Williams (2004), where σ = Hs/4 
is the theoretical standard deviation of the record. Note that this holds 
for both maxima and minima, and therefore corresponding plots for the 
minima have been omitted. 

2.2. Wave shapes around an arbitrary point 

One can use half of the Lindgren A shape given by Eq.  (2) to suitably 
extend a wave record beyond its end. However, application of this 
technique for record extension effectively assumes that the record ends 
exactly at a stationary point, whereas having the last data point at either 
a local maximum or minimum seldom happens in any wave record. 
Therefore, adding half of the Lindgren A shape would create a local slope 
discontinuity at the end of the record. 

A general representation of the mean shape around an arbitrary point 
is detailed by Lindgren and Rychlik (1991) and is presented in two 
forms, both containing the autocorrelation function and its derivatives. 
The expressions require that the elevation, slope, curvature etc. at the 
conditioning point t = t0 are known. These can be approximated from 
the discrete time series record using the Finite Difference Method 
(FDM). The following subsections outline the expected shape of a linear 
wave around a point where the elevation, slope etc. are known. 

2.2.1. Using information up to the first derivative 
According to Lindgren and Rychlik (1991), the expected shape of a 

Fig. 1. Average crest profile sampled from a long random record (solid lines), 
NewWave fit as per Eq.  (5) (dash-dotted lines) and Lindgren’s average shape 
around a maximum as per Eq.  (2) (dotted lines), for crest elevations of η0/σ =

− 1, − 0.5,0, 1,2 and 3. For each crest elevation, the average crest profile is 
obtained by averaging over a bin size of η0 ± σ/20. 
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wave around t0, given the elevation η0 and slope η̇0 at t0, is given by 

E(η(t0 + t) | η(t0) = η0, η̇(t0) = η̇0) = η0A(t) + η̇0B(t), (6)  

in which A = r(t)/m0 and B = − ṙ(t)/m2. 

2.2.2. Using higher derivatives 
Similarly, Lindgren (1970) and Lindgren and Rychlik (1991) pre-

sented an analogous solution that includes derivatives up to the second 
order such that 

E(η(t0 + t) | η(t0) = η0, η̇(t0) = η̇0, η̈(t0) = η̈0) = η0A(t) + η̇0B(t) + η̈0C(t),
(7)  

where the functions A(t), B(t) and C(t) depend on the autocorrelation 
function and its derivatives. Note that it is necessary that the autocor-
relation function is at least twice differentiable at the conditioning point 
for the above expression to hold. In this study, we shall extend the theory 
to the third derivative and find the corresponding D(t) term which re-
quires the sixth spectral moment. For broad-banded spectral shapes with 
power-law high-frequency tails (such as ω− 5), such a high moment 
would be badly behaved due to its sensitivity to the high frequency cut- 
off. However, the procedure to use information on the third derivative is 
similar to that followed to derive the terms in Eq.  (7). 

Define the following matrices as 

S11 =

⎡

⎢
⎢
⎣

m0 0 − m2 0
0 m2 0 − m4

− m2 0 m4 0
0 − m4 0 m6

⎤

⎥
⎥
⎦ (8)  

S12 = [ r(t) − ṙ(t) r̈(t) − r⃛ (t) ]
T (9)  

S21 = ST
12. (10)  

Here, S11 = E(XXT) is a covariance matrix, where X = [η, η̇, η̈, η⃛ ]T is a 
matrix containing the surface time history and its derivatives up to the 
third. Now the terms are explicitly given by the entries of the product 
row matrix as 

[A B C D ] = S21S− 1
11 . (11)  

The new expected wave shape is then given by 

E(η(t0 + t) | η(t0) = η0,⋯, η⃛ (t0) = η0
⃛
) = η0A(t) + η̇0B(t) + η̈0C(t) + η0

⃛
D(t).
(12) 

Fig. 2 compares the expected mean wave profiles returned by the 
Lindgren AB, ABC and ABCD models to the sample mean obtained from a 
long random record. The averaging is based on binning. The bin heights 
for the elevation and slope are defined using the standard deviations of 
these quantities as ση/10 and ση̇/10, respectively. For simplicity, the 
curvature is set to be either positive, negative or zero (with ση̈/10 bin 
height) when extracting the wave segments from the record, whereas the 
elevation and slope are both assigned numerical values related to their 

standard deviations. Additionally, the value for the third derivative (η0
⃛ ) 

of the ABCD form is not specified in this process. Table 1 lists the choice 
of these parameters used to group the waves from the long random re-

cord. The theoretical models, however, use numerical values of η0, η̇0, η̈0,

Fig. 2. Comparison of theoretical expected wave profiles to mean shapes sampled from a long random linear record. Small black circles in each subplot mark the 
conditioning points. The conditioning parameters used to extract the relevant waves for the averaging, for the six cases shown, are listed in Table 1. 
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η0
⃛ 

from the sample mean calculated using the FDM. These values differ 
very slightly from those initially stipulated due to the binning. Given 
that the conditioning point is the only point where information from the 
actual time series is used, the comparisons of the forms going forwards 
and backwards in time are equally valid. It is clear from Fig. 2 that 
taking into account higher derivatives only slightly improves the esti-
mation of the mean shape. 

2.3. Variance of the expected shapes 

The variance, normalized by the zeroth moment, of a wave shape 
having the same constraints as the mean at the conditioning point is 
given by 

Var
(

η(t0 + t) | η(t0) = η0,⋯, η(n)(t0) = η(n)
0

)

= 1 −
1

m0
S21S− 1

11 S12, (13)  

where n indicates the order of differentiation used in the definition. Note 
that the sizes of the matrices S11 and S12 vary with n such that S11 ∈

R(n+1)×(n+1) and S12 ∈ R(n+1)×1. The variance does not depend on the 
shape of the wave at the conditioning point, and it is always symmetric 
with respect to this point. 

As seen from Fig. 3, the shape of a wave having the same constraints 
as the mean at the conditioning point deviates from the mean relatively 
quickly away from the conditioning point. As t→ ± ∞, the plots in Fig. 3 
approach their asymptote σshape/σ = 1. The rate of deviation is of course 
dependent on the spectral bandwidth of the record, with narrower 
spectra deviating less rapidly. In the limit of regular waves (with 
infinite-length record), the spectrum reduces to a delta function, and the 
variance is zero everywhere. The benefit from using higher derivatives 
(above second) in broadening the curve is shown to be subtle. Generally, 
the mean shape is a good guess for the shape of an arbitrary wave around 
a point only in a localised neighbourhood around the point. 

The sample standard deviation agrees with theory. Small discrep-
ancies are expected due to the finite sample size, which in this case is 
over 2000 waves. Due to the finite bin size, the sample standard devi-
ation is not exactly zero at the conditioning point (t = 0). 

The wave prediction models discussed above require elevation, slope 
etc. values at the end of the record. Using the FDM, the slope etc. would 

be less accurate at the last data point due to the use of backwards stencils 
instead of central stencils (because the next data point is unknown). In 
practice, it may be necessary to rather shift the conditioning point 
slightly backwards in time. However, since the prediction time window 
is short (see Fig. 3), shifting the conditioning point backwards in time 
will further deduct from the future prediction time window, even more 
so when the signal sampling rate is coarser such as in wave buoy data 
(typically around 2.5 Hz). In this work, a cubic interpolation function is 
used to add 4 more discrete points between successive points in the 
original record so that the new time resolution is dt′ = dt/5 around the 
last data point. The new conditioning point is then placed at −

3dt′—this ensures all derivatives at this point are calculated using 
central difference. Note that, for a very high sampling resolution, the 
contribution from using higher derivatives is expected to become less 
important (c.f. Taylor expansion). 

Fig. 4 shows predicted wave fields at a point using information at two 
different conditioning points: at t = 0 s versus at t = − 3dt′ (dt = 0.4 s is 
used here instead of dt = 0.1 s in the rest of the paper). We observe that 
shifting the conditioning point backwards in time helps improve the 
prediction. Likewise, including higher derivatives improves the predic-
tion. As illustrated by the standard deviation plot in Fig. 3, there is large 
uncertainty about one fifth of a wave period away from the conditioning 
point. Consequently, the prediction error from the Lindgren ABCD 
model presented in Fig. 5 is evaluated up to Tp/4 using records sampled 
at dt = 0.1 s and dt = 0.4 s. It turns out that interpolating and shifting 
the conditioning point are both unnecessary when the sampling reso-
lution is high (e.g. dt = 0.1 s here), as expected. Nevertheless, when dt =
0.4 s, shifting becomes increasingly necessary while interpolating 
marginally improves the results. Results are averaged over 10,000 re-
alizations. Additionally, predictions using the coarser signal show better 
predictability. 

We conclude that prediction forwards in time at a fixed point in space 
given information at that point is a very difficult problem. Nevertheless, 
such short-term prediction could still be useful for latching control, 
which is known to require a prediction time window in the order of a 
quarter or at most half of the natural period of the wave-absorbing 
oscillator (Falnes, 2002). Further, according to Li et al. (2012), only 
about 1 second future knowledge is necessary for the control of a point 
absorber by dynamic programming. 

3. Prediction downwave: Linear case 

3.1. Unidirectional linear wave prediction model 

For a linear unidirectional wave field, the wave profile can be viewed 
as a superposition of sinusoidal wave components of different fre-
quencies and amplitudes propagating in the same direction. These 
components travel at different phase speeds described by the linear 
dispersion relation 

Table 1 
Parameters used to extract relevant waves from the long random record for 
calculation of the mean shapes shown in Fig. 2.   

a b c d e f 

Elevation, in ση  1 0.5 2 -0.5 -1 0 
Slope, in ση̇  1 0.5 -1 -1 0 1 
Curvature < 0  > 0  < 0  < 0  > 0  0 
No. of waves 2072 2046 565 1464 3101 216  

Fig. 3. (a) Sample and theoretical standard deviations of a wave shape around a point, normalised by the standard deviation of the record. (b) Close-up view around 
the conditioning point. 
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ω2 = gk tanh kd, (14)  

in which ω is the angular frequency, k is the wavenumber, g is the 
gravitational acceleration and d is the water depth. 

In this work, records used for prediction are taken from fixed loca-
tions and have a time length of Ts = 409.6 s sampled at 10 Hz—this is 
4096 collocation points. It is well-known that FFT works most efficiently 
when the number of data points can be written as 2N where N is a natural 
number. The justification for the choice of the optimal length of a record 
required for particular prediction is discussed in Section 3.2. 

Now suppose that a time-series record from a measurement station 
located at a point x0 is given. Each frequency component can be prop-
agated forward in both space and time onto another point, say x1, as 

η(x1, t) = Re
{

η̂0(ω)exp[i(ωt − kΔx01)]

}

, x, t ∈ R (15)  

where η̂0(ω) is the complex amplitude of the wave component at x0 and 
Δx01 is the horizontal separation between the two space points x0 and 
x1. Summing over all frequency components gives 

η(x1, t) = Re

{
∑Nω

n=1
η̂0(ωn)exp[i(ωnt − knΔx01)]

}

, x, t ∈ R. (16)  

The complex amplitudes can be obtained from a Discrete Fourier 
Transform (DFT), where ωn = 2π(n − 1)/Ts is the angular frequency 
related to the length of the record Ts and Nω = ⌊Nt /2⌋ + 1 is the number 
of frequency components related to the number of discrete points Nt in 
the record. 

Fig. 6 shows DSWP using an FFT routine as described by Eq.  (16) at a 
fixed point that is five peak wavelengths (5λp) downwave of the mea-
surement point, for three different random realizations. 

For a better insight into the two linear prediction methods discussed 
so far: using past information at the same point and using past infor-
mation from an upwave point, to predict into the future, see the video 
accompanying this paper. 

Fig. 4. Prediction at a point for three different random realizations. The black circles mark the conditioning point used in the prediction. (a) to (c) The conditioning 
point is at t = − 3dt ′ , for dt′ = dt/5, where dt = 0.4 s is the sampling time resolution; (d) to (f) the conditioning point is at t = 0 s. 

Fig. 5. Comparison of prediction accuracy dependence on the choice of the conditioning point, denoted t0, between two sampling resolutions: (a) dt = 0.1 s and (b) 
dt = 0.4 s, and their respective finer versions (dt′ = dt/5). The root mean square error (RMSE), normalized by σ = Hs/4, is calculated over 10,000 realizations from 
the Lindgren ABCD model. 
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3.2. Predictable zone 

As shown in Fig. 6, accurate wave prediction can only be accom-
plished for relatively short times into the future at a given position 
downwave. The prediction time windows along with the distances form 
the predictable zone, which is an area in space-time where accurate 
prediction is physically possible. For a given time-series record, the size 
of the predictable zone depends on sea state properties from which the 
record is taken. The region was originally thought to be demarcated by 
phase speeds (Morris et al., 1998; 1992), but subsequent research by Wu 
(2004) concluded otherwise, that the geometry of the predictable zone is 
governed by group velocities. The current consensus is that the group 
velocity describes the predictable zone (see e.g. Blondel et al., 2008; 
Naaijen and Blondel-Couprie, 2012; Naaijen et al., 2014; Qi et al., 
2018b; Simanesew et al., 2017). 

The present paper provides a quick numerical assessment of the 
predictable zone. Assuming waves of small steepnesses (i.e. obeying the 
linear dispersion Eq.  (14)), the phase speed and group velocity are, 
respectively, given as follows: 

Cp=
ω
k

(17)  

Cg =
∂ω
∂k

=

(
1
2
+

kd
sinh2kd

)

Cp . (18)  

The mismatch between the predicted η̃(x, t) and expected η(x, t) wave 
elevations is calculated using the normalized Mean Square Error (MSE) 
as follows: 

E (x, t) =
1

σ2N
∑

N
(η(x, t) − η̃(x, t))2 (19)  

where σ2 is the variance of the true or expected surface elevation at the 

prediction point and N ∈ {NR ,Nt} is either the total number of re-
alizations or discrete time points. A subscript will be used to indicate the 
coordinate along which both the error and variance are reported; for 
instance, E R (x, t) is an ensemble error calculated over multiple random 
realizations and E t(x) is an overall error of a predicted time series at a 
given location. Since ocean waves are assumed to be consistent with an 
ergodic process (Ochi, 1990), the variance σ2 of the true wave elevations 
should approach the theoretical variance H2

s /16 regardless of whether it 
is calculated over time from a single record; at a specific time tn for 
different space points, {η(x1, tn), η(x2, tn),⋯, η(xNx , tn)}; or at a specific 
space-time point over different realizations, {η1(xm, tn), η2(xm, tn), ⋯,

ηNR (xm, tn)}, when Nt , Nx, NR →∞. Based on this definition, when the 
predicted surface is zero (i.e. η̃ = 0), the error equals 1. However, if η̃ 
and η share the same variance but are completely independent, then 
E →2. The prediction error tolerance depends on the nature of the 
intended application. A prediction error E < 0.05 is typically possible 
within the predictable zone, as seen from Fig. 7. 

The predictable zone is best described by the group velocity as 
verified in Fig. 7. This is particularly clear in the case of the top-hat 
spectrum where the limiting frequencies are well defined. In this and 
the following surface plots, the spatial resolution is 10 m. An apparent 
observation is that the predictable zone is triangular and the maximum 
predictable horizon at a prediction point is related to the distance be-
tween the prediction point and the measurement station x0. The sam-
pling time interval used for the prediction is − 34.1 ≤ t/Tp ≤ 0. Any 
calculation falling into this time domain is referred to as reconstruction, 
whereas calculation for t/Tp > 0 is forecasting. Henceforth, the predic-
tion error reported in this study is calculated within the forecasting re-
gion bounded by the vertical line t = 0 and the sloping minimum and 
maximum group velocity lines, Cg,min and Cg,max, drawn with minimum 
and maximum frequencies {ωmin,ωmax} = {0.7ωp,2.0ωp} as in Qi et al. 
(2018a). The two limiting frequencies are chosen such that 

Fig. 6. Three examples of deterministic wave prediction at a point x1 = 5λp downwave of the measurement station x0. Time series at the point x0 is used up to t = 0 
for the forward prediction. The region t > 0 at x1 represents prediction into the future. 
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S(0.7ωp)/S(ωp) ≈ S(2.0ωp)/S(ωp) ≈ 0.03, so that most energy exists 
between these limits (≈ 95% of the total energy). Note that these two 
frequencies are not limits of the numerical bandwidth ([0,3ωp] here) of 
the sea state. 

During forecasting of wave fields, we assume that information at 
point x0 propagates linearly and undisturbed to point x1. It is necessary 
to consider the optimal length of the record to be used as input into the 
model. It is key that the record is neither too short nor too long. Owing to 
this, a range of common sea states with a fixed wave height Hs = 3 m, a 
set of peak periods Tp ∈ {10,12, 14} s and depths d ∈ {200,30} m have 
been studied. Since we are using linear theory, Hs should not affect the 
relative error. As shown in Fig. 8(b), the size of the predictable zone for a 
given sea state is dependent on the length of the record used. The 
minimum length of record Ts,min is related to how far the prediction 
point is from the measurement station x0. To predict at the point Xc, the 
minimum length required is Ts,min = Xc/Cg,min. We calculate the average 
prediction error at two locations, namely, Xc and Xc /2, over 1000 
random realizations, for wave records of 200 to 600 seconds with in-
crements of 25 seconds. 

Fig. 8 (a) shows the average error for Tp = 12 s; similar conclusions 
can be drawn for the other peak periods. Note that Xc in this case is the 
limit for Ts = Ts1 = 200 s (or Ts/Tp ≡ T′

s = 16.7). As seen from Fig. 8(a), 
the optimal length for a prediction point at Xc should ideally be where 
the errors in Fig. 8(a) begin to flatten, i.e., slightly longer than Ts,min. 
Increasing the length of a record beyond this does not improve the 
prediction. To predict at Xc/2, the required length of the record is 
shorter than to predict at Xc, as it can be seen that the errors for Xc /2 are 
already flat in the figure. We also observe that the error is relatively 
larger in deep water since waves are more dispersive there. For the re-
cord length (409.6 s) used in this study, we can predict more accurately 
in the range 0 < x/λp < 8 in deep water with Tp = 12 s, as shown in 
Fig. 7. 

3.3. Solutions to the FFT end-mismatch problem 

The linear prediction model discussed in Section 3 uses an FFT 
routine for efficiency. This is actually a convenient, but not a necessary, 
assumption. The fundamental problem with the use of an FFT scheme in 
forward prediction is the inherent assumption of periodicity of the re-
cord beyond its ends. However, the lack of periodicity in the real signal 
introduces spectral leakage. This problem was first identified and raised 
in early publications in DSWP by Morris et al. (1998, 1992) who 
observed that the quality of the prediction depends largely on the 
magnitude of the step discontinuity at the ends of the record and less on 
the mismatch of the slopes there. An immediate solution to this problem 
was that of end-matching, also discussed by Abusedra and Belmont 
(2011), which scans through the record searching for matching data 
points. However, this technique shortens the record due to the very low 
likelihood of finding a match in the signal. Ideally, one could utilize the 
whole of the sampled time series, irrespective of the properties of the 
end points. 

One approach considered in this study is using a sine window func-
tion to taper the measured record at both ends to bring it down to zero 
smoothly. To this end, the first and the last M data points in the record 
are modified such that, when the condition Nt > 2M is satisfied, the 
resulting elevation is given by 

ηm(x0, tn) = η(x0, tn)w(tn), (20)  

in which the piece-wise weight function, where Nm = M − 1, is 

w(tn) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

sin
(

nπ
2Nm

)

if 0 ≤ n ≤ Nm

sin
(

π
2

n + 2Nm − Nt

Nm

)

if Nt − Nm ≤ n ≤ Nt

1 otherwise.

(21)  

After this modification, the length of the record remains unchanged. The 

Fig. 7. Illustration of the predictable zone using the ensemble average 
E R (x, t) from 300 realisations, for two different spectra: (a) JONS-
WAP, and (b) Top-hat. The vertical dash-dotted yellow lines mark the 
interface between reconstruction and forecast. The dashed and solid 
grey lines correspond to Cg,max and Cg,min, respectively. The dashed and 
solid black lines correspond to Cp,max and Cp,min, respectively. The 
minimum and maximum group velocities and phase speeds are eval-
uated for frequencies 2.0ωp and 0.7ωp, respectively. (For interpreta-
tion of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)   

Fig. 8. (a) Prediction error dependence on the length of record Ts for sea states with different water depths (the depth in the legend is in metres). The records used 
are in the range 200 ≤ Ts ≤ 600 seconds, and the error is calculated over 1000 realizations. T ′

s = Ts/Tp is the normalized length of record. 
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optimal number of points to be subjected to the tapering function were 
found to be related to the length of the record as M = αNt, where 3 /
100 ≤ α ≤ 5/100. Only 4% of points on each side are modified in this 
study. However, this technique inherently damages the signal 
somewhat. 

An alternative approach is extending the signal by adding half of a 
NewWave variant outlined in Section 2, namely the Lindgren AB, ABC or 
ABCD model. These extensions allow the signal to be ramped down to 
zero smoothly over a relatively short time from the ends of the measured 
signal outwards. Thus, all the signal is used. The various Lindgren 
treatments result in different levels of smoothness at the ends of the 
record. Lindgren AB enforces continuity of elevation and slope, ABC 
continuity up to the second derivative (curvature), and ABCD to the 
third derivative. It should be noted that each is based on the autocor-
relation function and its derivatives. 

Another alternative extension proposed here employs the Hilbert 
autocorrelation function (a 90∘ phase-shifted version). This method is 
analogous to the Lindgren AB form in Eq.  (6) in the sense that it enforces 
continuity of both the end-point elevation and slope. However, it does 
not use the second spectral moment which could be advantageous since 
higher order moments are less well-behaved due to their dependence on 
the high frequency tail. The right-hand side extension of the NewWave 
Hilbert form is thus 

ηext(x0, t> 0) = η0r(t)/m0 + η̇0rH(t)/m1, (22)  

where 

rH(t) =
∫ ∞

0
S(ω)sin(ωt)dω (23)  

is the Hilbert transform of the standard surface autocorrelation function. 
Note that this method does not extend the record using the mean shape, 
as opposed to the Lindgren models. This extension is expected to exhibit 
slightly higher crests and deeper troughs compared to the Lindgren AB 
form, at least for a narrow-banded spectrum, since m1 /m2 ≤ m0 /m1 (cf. 
Eq.  (6)). 

The measured record is used to approximate the energy spectrum 
from which the autocorrelation function and moments are calculated. 
Note that the autocorrelation function (see Eq.  (3)) is zero at time tn =

tNω , where Nω is the number of frequency components (which is an odd 
number here). Beyond tNω , the function repeats itself (in fact, is sym-
metric about tNω ), and thus the extension should contain, at most, Next =

Nω − 1 discrete points since the first point of the right extension 
matching the record at t = 0 is discarded, and likewise for the last point 
on the left. Despite the extensions decaying away to zero well before the 
last data points, cases where extensions are truncated at different 
lengths versus the full length have been considered using numerical 
simulations and results were averaged over 200 realizations for a given 

sea state. It turned out that the full length always gives the best pre-
diction results. Consequently, the new extended record has Nt + 2Next =

2Nt points, which is twice the original length. This in turn ensures 
periodicity with various levels of smoothness but not at the expense of 
the quality of the measured signal, as shown in Fig. 9. Moreover, the 
extensions are based on the statistical properties of the sea that are 
known, and are localized in time, since the extensions are non-zero only 
for a small number of periods. 

The effect of extending the sampled record prior to employing the 
FFT is studied on linear prediction at six different points downwave, 
namely, x/λp ∈ {0,1,2,4,6,8}, as shown in Fig. 10. There is negligible 
improvements from including higher derivatives—all extensions 
perform in a similar manner. The special case where x = 0 is simply 
reconstruction of wave fields at the same point with accurate future 
prediction not possible according to the concept of propagation speeds, 
as illustrated by the predictions from the original and tapered records. 
The onset of large error when using the tapered signal is at about − 1Tp; 
this is because of the damage of the signal due to the window function 
which tends to manifest in predictions closer to the measurement point. 
For the length of record and amount of ramping down considered in this 
study, only predictions at points in x/λp ≤ 1 are impacted by tapering; 
see the close-up plot in Fig. 11(a). We note that at x = 0 a short forecast 
prediction time window is achieved in the predictions using extended 
records. This is because the record itself is already a few seconds into the 
future by virtue of the extension. This also transpires in all the other 
plots for x/λp ≥ 1, which clearly show that the extension consistently 
helps increase the prediction time window by about one peak wave 
period. In addition, for locations further downwave (here x/λp ∈ {6,8}), 
extending produces more accurate prediction results. 

It can be seen that including higher derivatives does not improve the 
FFT-based prediction as significantly as previously observed in the 
extrapolation models discussed in Section 2.2.2. Therefore, the exten-
sions using derivatives higher than the slope are not worthwhile and will 
not be used henceforth. In the remainder of the paper, only the Lindgren 
AB form will be used for extensions. Note that for practical applications 
the NewWave Hilbert form may be preferable since its calculation only 
uses the first spectral moment, which is better behaved at higher fre-
quencies, and is only marginally worse than the Lindgren forms. 

It is now instructive to revisit the whole predictable area to under-
stand how modifying the record changes its form. Fig. 11 shows that the 
corrugations resulting from the end-mismatch present in Fig. 7 are 
eliminated by tapering and greatly reduced by applying the Lindgren AB 
extension to the record. Moreover, the predictable region is also 
extended further downwave as well as beyond times marked by the 
group velocity lines as illustrated in Fig. 11(b). 

Fig. 9. Measured record extended beyond its ends using NewWave variants. The original record is in the region − 34.1 ≤ t/Tp ≤ 0 as indicated by the green dashed 
vertical lines. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

T. Hlophe et al.                                                                                                                                                                                                                                  



Applied Ocean Research 112 (2021) 102695

10

4. Weakly nonlinear waves 

Real ocean waves behave differently to the Gaussian random process 
assumed in linear wave theory. Physical measurements from the field 
and laboratory generated irregular waves show that real wave crests are 
higher and sharper, and troughs are smaller and flatter than those pre-
dicted by LWT, due to the presence of nonlinear bound components. 
These bound harmonics are predominantly second order, with fre-
quencies at both the sum and difference of pairs of linear components 
(Dalzell, 1999; Sharma and Dean, 1981). Even in close to linear sea 
states, these second-order bound waves exist and since their propagation 
speeds deviate from the linear dispersion relation, in the prediction 
problem they would contaminate the predicted wave fields. The upper 
tail of the second-order difference energy spectrum and the lower tail of 
the second-order sum frequency spectrum overlap with the main linear 
energy spectrum. For this reason, the bound waves cannot be easily 
filtered out in broad-banded sea states. In severe storms, the 
second-order difference or long bound waves produce a significant local 
wave set-up and set-down effects which, in turn, either increase or 

decrease the size of local crests. In long-crested wave fields, like those 
from extra-tropical storms, long bound harmonics have a tendency to 
produce a set-down under a big event (the most energetic part of the 
waves) (Santo et al., 2013). It has been observed that for small non-
linearities, the second-order Stokes model gives a reasonably accurate 
representation of the free-surface elevation (Toffoli et al., 2007). 

In this study, we consider weakly nonlinear wave fields in 
intermediate-depth water with sea conditions representative of near-
shore Albany, Western Australia. The statistical properties there are such 
that Hs = 3 to 6 m, Tp = 14 s and d = 30 m (Cuttler et al., 2020) provide 
a representative range of sea states. Synthetic records are generated 
following the full second-order solution derived by Dalzell (1999), 
which is the corrected version of the result by Sharma and Dean (1981). 
See also Forristall (2000). All the aforementioned versions are a devel-
opment of the solution by Longuet-Higgins (1962) for a deep water case. 

In addition to showing results for random waves, we will also 
demonstrate the second-order contributions for focused wave groups of 
the NewWave form. A wave group is a series of sinusoidal components 
which come into phase at a point in space and time. The amplitudes in 

Fig. 10. Prediction error at selected prediction points averaged over 2000 realizations for different record modification techniques.  

Fig. 11. Illustration of the theoretical predictable zone averaged over 
300 realizations after modifying the ends of the record from a JONS-
WAP spectrum through: (a) tapering 4% on each end, and (b) 
extending the record using Lindgren AB form. The vertical dash-dotted 
yellow lines mark the interface between reconstruction and forecast 
zones. The solid and dashed grey lines correspond to Cg,min and Cg,max 

evaluated for frequencies 2.0ωp and 0.7ωp, respectively. (For inter-
pretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)   
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wave groups are deterministic and there are no initial phase angles for 
individual components—only a group focus phase angle between 0 and 
π is assigned. Note that the linear amplitude at the focus point is set to Af 

= Hs/2 and the time series will be distinguished based on the value of Hs 
used. See Orszaghova et al. (2014) for a detailed discussion on the 
generation of linear focused wave groups. 

4.1. Approximating linear solution 

Given an arbitrary second-order wave record with unknown linear 
and bound components, the components can be represented by the 
following expression: 

ηNL = ηL + η2− + η2+, (24)  

where ηNL is the total surface elevation (nonlinear), ηL is the linear 
component, η2− and η2+ are the second-order sub-harmonic and super- 
harmonic components, respectively. 

Given a linear signal ηL(t), the second-order difference and sum wave 
components can be approximated by making use of the linear signal and 
its corresponding Hilbert transform ηHL(t) ≡ H(ηL(t)). The second-order 
difference term is approximated as 

η̃2− =
− g

2
(

gd − C2
g

)

(
2Cg

Cp
−

1
2

)(
a2 − a2

)
, (25)  

which is a narrow-banded approximation valid for water depth smaller 
than the length of the wave group (Longuet-Higgins and Stewart, 1962; 

Mei et al., 2005). The term a(t) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ηL(t)
2
+ ηHL(t)

2
√

is the assumed 

slowly-varying envelope function of the linear components and a2 is the 
mean square value for the envelope. Taking a closer look at Eq.  (25), it is 
straightforward to show that gd > C2

g and 2Cg/Cp > 1 for all k. There-

fore, the difference term is negative beneath a big event (when a2 > a2) 
and hence produces a set-down. Here, we remark that Cg and Cp are 
evaluated using an effective wavenumber keff which is also approxi-
mated based on the linear term below in 4.1.1. 

Similarly, the second-order sum term is calculated using a narrow- 
banded approximation as 

η̃2+ =
S22

d
(
η2

L − η2
HL

)
. (26)  

The coefficient S22/d defined in Walker et al. (2004) is also a function of 
keff , and is related to the standard regular wave Stokes coefficient B22 
(Fenton, 1990) by S22/d = kB22. 

Since the linear record itself is unknown, an iterative method is 
formulated to recover the terms in Eq.  (24) as follows:  

(1) Assume ηL = ηNL.  
(2) Compute second-order terms using Eqs.  (25) and (26).  
(3) Rearrange Eq.  (24) to get the linear approximation η̃L = ηNL −

η̃2− − η̃2+.  
(4) Repeat steps (2)–(3) iteratively, until convergence is reached. 

It is worth noting that the Hilbert transform presents another end- 
effect complication when attempting to linearize a second-order 
nonlinear signal. The function distorts the data points at both ends of 
the signal thus introducing a step change in value. This in turn affects 
predictions and extensions beyond the end of the time history at t = 0. 
To resolve this issue, short NewWave extensions at both ends of the 
record, say < 0.5Tp long, need to be attached to the nonlinear signal 
before the iterative linearization process is commenced, and then de-
tached afterwards. In this case, the record slightly exceeds the vertical 
dashed lines in Fig. 9. A longer extension should be avoided as the tail of 
the NewWave affects the magnitude of the mean square term for the 
envelope. 

4.1.1. Selection of effective wavenumber 
The appropriate value of the effective wavenumber keff is ambiguous. 

Thus, different values of k related to the energy spectral density are 
tested and assessed by evaluating the normalized mean square error 
obtained from comparing the approximation (reconstruction) with the 
exact second-order time series. To this end, a vector of kpd (peak 
wavenumber-depth product) values between 0.8 and 3 is generated 
along with Tp between 10 and 15 s; the values of kp and d are then 
calculated from each possible pair of (Tp, kpd) using the dispersion 
relation. For a given (Tp, kpd) pair, a 500 s second-order time-series re-
cord is generated from a JONSWAP spectrum, with Hs fixed to 3 m, 
following the full solution with fixed random amplitudes and later 
decomposed by approximating bound-harmonics using k ∈ {kz, ke, kp}. 
Here, kz ≡ k(Tz), ke ≡ k(Te) and kp ≡ k(Tp). All three periods Tp, Tz =

2π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
m0/m2

√
and Te = 2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
m− 1/m0

√
follow from spectral moments of the 

specified JONSWAP spectrum and not from a spectrum approximated 
from the record. In practice, k would be computed based on the spec-
trum of either the original nonlinear time series and keep this fixed 
through out the iteration, or the linear spectrum and therefore updated 
at each iteration — both approaches would give very similar results. 
Fig. 12 shows the reconstruction error of these bound-harmonics, for the 
case keff = ke, for irregular waves. Note that the error (19) here is 
normalized by the variance of the exact bound-harmonics time series 
(η2− and η2+). Similar figures using the other wavenumbers and for 
wave-group cases have been omitted for brevity. 

The mean error calculated across different peak periods for the 
different wavenumbers is presented in Fig. 13. It is evident that the best 
approximation is achievable when kpd ≈ 1 and kp is the effective 
wavenumber used. However, estimating kp from field data is problem-
atic, due to the fact that the peak period Tp is highly dependent on the 
accuracy of the estimated spectrum. Therefore, ke, which is an integral 
rather than a point property of the spectrum, is taken as a suitable choice 
for the effective wavenumber. It can be observed that the sub-harmonics 
are more sensitive to the value of kpd for both irregular and focused 
wave groups cases. Moreover, it is clear that the narrow-banded 
approximation for the sub-harmonics (25) becomes less accurate as 
the water depth increases. However, most wave power applications are 
expected to be in finite-depth water. 

4.2. Prediction at a point: Nonlinear case 

To study the prediction of weakly nonlinear waves at a point, the 
wave height is fixed to Hs = 3 m. Instead of using the exact second-order 
solution, the narrow-banded approximations are used to generate a 
synthetic record due to the need to compute a long random realization 
and the large computational costs incurred from the double summations 
in the exact solution. Firstly, a long linear record is generated. Then, the 
difference and sum terms are calculated using kp (since it is known) as an 
effective wavenumber and added to the linear to yield a nonlinear signal 
as in Eq.  (24). Secondly, specific combinations of elevation, slopes and 
curvature are chosen (as in Table 1) and locations in both records 
coinciding with these combinations are identified. Time histories around 
these locations are then averaged for both the linear and nonlinear 
signal to compute the average linear and nonlinear wave shapes, 
respectively. The nonlinear shape is then taken as the actual time series 
to be predicted and two predictions are considered: (i) the “Linear 
Lindgren ABCD” prediction uses the elevation, slope, and two higher 
derivatives from the nonlinear average shape and then predicts the wave 
shape as if it was a linear record; (ii) the “Nonlinear Lindgren ABCD” 
uses the uses the elevation, slope, and two higher derivatives from the 
linear average shape to predict a linear wave shape before then calcu-
lating and adding non-linear second order corrections. 

Fig. 14 shows predicted mean shapes for the nonlinear record. See 
Table 1 for the combination of elevation, slope and curvature corre-
sponding to the wave shapes. It turns out that the nonlinear model 
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captures the sample means better than the linear model in the proximity 
of the conditioning point ( − 1 < t/Tp < 1) for cases (a), (c) and (d). 
However, we can conclude that for a prediction at the same point, 
nonlinear effects may be neglected, since the prediction time window is 
short, and also because the nonlinear fit has not been shown to be 
consistently more accurate. 

4.3. Prediction downwave: Nonlinear case 

We have demonstrated that extending the signal improves the ac-
curacy of DSWP significantly. From now on, this technique will be 
adopted and employed in weakly nonlinear waves that obey Stokes 
second-order theory. The desired goal is to develop a hybrid model that 
takes a nonlinear record, approximates and removes the second-order 
bound-harmonics; then takes the estimated linear record and extends 
it with a NewWave-type signal prior to propagating it downwave; and 
finally estimates the second-order bound waves and re-inserts them into 
the linear forecasted signal. Results are compared to a model (detailed in 
Section 3) which does not treat the bound components separately and 
effectively assumes that the record is linear. This is termed linear pre-
diction. Nonlinear wave fields for both irregular waves and wave groups 

are synthesized using the exact second-order solution due to Dalzell 
(1999) with Hs = 3 and 6 m, Tp = 14 s and d = 30 m. For such a sea 
state, kpd ≈ 0.9, and the linearization procedure outlined in Section 4.1 
uses ke as the effective wavenumber for its stability as argued in Section 
4.1.1. 

Fig. 15 depicts predicted irregular wave fields using the linear and 
nonlinear prediction models at a point that is 5.5λp downwave. From the 
plot profiles, it can be concluded that accounting for nonlinear effects 
improves the results. The prediction error (averaged over 50 re-
alizations) from the two models calculated in the forecast zone is pre-
sented in Fig. 16(a). Fixed random amplitudes are used in each 
realization across the different wave heights. The error in linear fore-
casting is between 5 to 20 times larger for the sea states considered, 
which is a significant improvement. 

Similarly, wave groups are considered in this study. Fig. 17 shows a 
typical nonlinear record used in the prediction of wave groups. The 
prediction point in the subplots in Fig. 18 is placed at the focus location 
which is x1 = 6λp downwave of the sampling location—it can be chosen 
arbitrarily. Wave fields predicted using the linear model (as though they 
were linear) exhibit two wave packets (second packet marked by the red 
oval). Because the linear model assumes the nonlinear waves to be free 

Fig. 12. Error in reconstruction of second-order bound-harmonics in different sea states, with fixed Hs = 3 m, using narrow-banded approximations with ke an 
effective wavenumber. The contour lines represent constant water depths in metres. (a) Sub-harmonics, (b) super-harmonics, for irregular waves. 

Fig. 13. Average error in approximating second-order bound-harmonics using a set of wavenumbers {kz,ke,kp}, averaged over sea states with different peak periods 
with fixed Hs = 3 m. (a) Sub-harmonics, (b) super-harmonics, for irregular waves; (c) sub-harmonics, (d) super-harmonics, for both crest-focused and trough-focused 
wave groups. 
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(rather than bound) waves, the super-harmonics are predicted to travel 
more slowly and arrive later at the prediction location, while the sub- 
harmonics, on the other hand, travel faster than the main group. The 
red circles on the leading side of the main group show the presence of 
the depression of the sub-harmonics recognized by lowering the local 
mean water level. 

The close-up views on the right of Fig. 18 show that the mismatch 
between the expected profile and the linear prediction increases with 
steepness. Moreover, from the plots, at around the focus points, the 

linearly predicted signal appears to be more linear than the nonlinearly 
predicted profile. Consequently, this explains the larger average pre-
diction error presented in Fig. 16(b). Here, the error (19) is normalized 
by H2

s /16. Since wave groups are deterministic, the average error is 
calculated over 50 realizations using different random phase angles 
drawn uniformly from [0,π], with a fixed phase angle for different wave 
heights. Note that this refers to the group focus phase angle. This is 
repeated for different prediction points from 2 to 8λp downwave. The 
linear error is large at 2λp because the erroneously propagated sub- and 

Fig. 14. Comparison of expected wave profiles from the Lindgren ABCD model to the sample mean obtained from a long random weakly nonlinear record. See 
Table 1 for the parameters used to extract waves used to calculate mean profiles. The number of waves being averaged in (a) to (f) is 2076,824,618,569,2726,285, 
respectively. 

Fig. 15. Prediction of nonlinear irregular waves at x1 = 5.5λp downwave. (a) Hs = 3 m, and (b) Hs = 6 m.  
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super-harmonics simultaneously exist inside the predictable zone 
(where the error is calculated) but are out of phase with the actual bound 
components and thus adding to the error. On the other hand, points 
beyond 5λp are far enough downwave that the super-harmonics are 
outside the predictable area, while proportions of the sub-harmonics 
occur there, thus contributing to the large error. For points within 3 ≥

x/λp ≥ 4, only small proportions of the bound components exist inside 
the predictable zone resulting in relatively smaller errors. 

In summary, for both irregular waves and wave groups, the nonlinear 
model gives an almost constant average error with both Hs = 3 and 6 
metres. However, the linear model shows constant error only in irreg-
ular wave cases. We note that the linear model is more sensitive to 
increasing wave steepness than the nonlinear prediction model. Both 
models become less accurate with increasing wave steepness, but their 
sensitivity is different. It becomes more necessary to account for 
nonlinear effects as the steepness increases. 

5. Conclusions 

In this paper, two methods for future prediction of weakly nonlinear 
unidirectional waves have been discussed. The first involves prediction 
using past information at the same point, where we use extrapolations 
based on the statistical properties of the record, and the second is an 
improved deterministic sea wave prediction (DSWP) model that predicts 
wave fields using past information at an upwave location. 

Using a finite record, it has been possible to predict the wave shape 
for short times into the future using Lindgren’s results for linear waves 

(Lindgren, 1970). The expected shape to be added to the end of the 
record is a function of the record’s autocorrelation function and its de-
rivatives, and has been studied up to the third derivative. It has been 
observed that including derivatives higher than the second gives subtle 
improvements and is probably not worthwhile (although the cost of 
computing the higher derivatives is almost negligible). Furthermore, for 
this form of prediction, the prediction time window is very short and 
accounting for bound harmonics does not consistently improve results. 

However, the addition of these expected wave shapes, or what we 
have referred to herein as NewWave-type extensions, to both ends of a 
linear wave record, has demonstrated to be an efficient and simple way 
to suitably rectify the FFT end-mismatch error when predicting the 
future free-surface elevation at another location downwave. It mini-
mizes leakage errors while bringing the ends smoothly down to zero. 
This ensures a good agreement between predicted and expected wave 
fields for longer times even at further prediction locations. Apparently, 
the extension enlarges the prediction time window by about a peak 
period ahead of other models that use unextended records. 

Nonlinear wave fields studied in this work are synthesized using the 
exact second-order solution. It was found that narrow-band approxi-
mations of Longuet-Higgins and Stewart (1962) and Walker et al. (2004) 
can closely reproduce the second-order sub-harmonics and 
super-harmonics, respectively, when the kpd⪅1 condition is satisfied, 
which is the case for the location considered in this work. The quality of 
the approximations, however, depends on the careful choice of the 
effective wavenumber. A hybrid nonlinear model that linearizes the 
record prior to prediction and approximates the nonlinear components 

Fig. 16. Average prediction error from a nonlinear prediction model versus a linear prediction model at points in the range 2 ≤ x/λp ≤ 8 downwave, calculated over 
50 random realizations for (a) irregular waves, and (b) wave groups. 

Fig. 17. Example of a second-order nonlinear wave group time-series with its linear and bound harmonic components.  
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from the predicted time series was found to yield rather good results 
compared to a model that assumes the record is already linear and only 
attaches the NewWave-type extensions to it. The prediction error from 
the linear model was found to be more than 5 times larger than that from 
the nonlinear prediction model for irregular waves with Hs = 3 m and 
more than 10 times larger in waves with twice the steepness. The 

improvement is more significant for wave groups with the factor being 
at least 45. 

The models presented in this paper have proven to work best for 
waves of moderate steepnesses and have only been tested on synthetic 
unidirectional waves. Results where directional spreading, lab and field 
data are considered will be presented in future papers. 

Fig. 18. Prediction of nonlinear focused wave groups at x1 = 6λp downwave. (a) Hs = 3 m and (b) Hs = 6 m are crest-focused; (c) Hs = 3 m and (d) Hs = 6 m are 
trough-focused wave groups. The red circles and ovals indicate the artefacts of the bound waves if they are not properly accounted for. The right images show close- 
up views of the left images at focus locations. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.) 
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